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Human behavior plays a critical role in shaping epidemic trajectories. During health crises, people respond in
diverse ways in terms of self-protection and adherence to recommended measures, largely reflecting differences
in how individuals assess risk. This behavioral variability induces effective heterogeneity into key epidemic
parameters, such as infectivity and susceptibility. We introduce a minimal extension of the susceptible-infected-
removed (SIR) model, denoted HeSIR, that captures these effects through a simple bimodal scheme, where
individuals may have higher- or lower-transmission-related traits. We derive a closed-form expression for the
epidemic threshold in terms of the model parameters, and the network’s degree distribution and homophily,
defined as the tendency of like-risk individuals to preferentially interact. We identify a resurgence regime just
beyond the classical threshold, where the number of infected individuals may initially decline before surging
into large-scale transmission. Through simulations on homogeneous and heterogeneous network topologies
we corroborate the analytical results and highlight how variations in susceptibility and infectivity influence
the epidemic dynamics. We further show that, under suitable assumptions, the HeSIR model maps onto a
standard SIR process on an appropriately modified contact network, providing a unified interpretation in terms of
structural connectivity. Our findings quantify the effect of heterogeneous behavioral responses, especially in the
presence of homophily, and caution against underestimating epidemic potential in fragmented populations, which
may undermine timely containment efforts. The results also extend to heterogeneity arising from biological or

other nonbehavioral sources.
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I. INTRODUCTION

The presence of heterogeneity at multiple levels—
biological, behavioral, and social—plays a crucial role in
shaping epidemic spreading dynamics. Early works in net-
work science demonstrated how structural differences, such as
degree variability in contact networks, can substantially alter
both the epidemic threshold and outbreak sizes [1-4]. In par-
ticular, variations in the number and type of social interactions
across individuals significantly influence the overall spreading
potential of a pathogen [5-7].

Beyond structural heterogeneity, individual-level biologi-
cal variations—reflected in key epidemic parameters such as
susceptibility, infectivity, and infectious period—also play a
critical role. Studies have shown that heterogeneity in sus-
ceptibility to infection and infectiousness can markedly affect
both the epidemic threshold and the final outbreak size [8-21].
Building on these insights, Miller introduced a modeling
framework capable of incorporating general distributions for
these parameters and characterized the epidemic threshold as
a function of their heterogeneity [22].
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In addition to structural and biological heterogeneity, the
COVID-19 pandemic has underscored the pivotal role of hu-
man behavior in epidemic trajectories. Behavioral variability
can arise from economic and social factors, leading to differ-
ences in compliance with control measures, as discussed in
recent works on epidemic fatigue and adherence [23,24], and
studies on economic disparities in adherence behavior [25,26].
Another significant source of variability stems from informa-
tion exposure and political affiliation, which have been shown
to influence individual risk behaviors during epidemics [27].

Within this context, it is essential to model how
different behaviors—potentially driven by information or
misinformation—affect disease spread. Since the adoption
of such behaviors often depends on homophily among in-
dividuals with similar beliefs, investigating the influence of
homophily on epidemic dynamics becomes particularly im-
portant.

In this work, we develop a generalized susceptible-
infected-removed (SIR) model (HeSIR) that incorporates
individual behavioral heterogeneity in its simplest form
through a mixture of two delta functions, corresponding to

©2026 American Physical Society


https://orcid.org/0000-0001-7338-9908
https://orcid.org/0009-0006-1108-2197
https://orcid.org/0000-0001-7165-1941
https://orcid.org/0000-0002-1545-7711
https://orcid.org/0000-0001-6202-3302
https://orcid.org/0000-0003-0812-5927
https://ror.org/01nffqt88
https://ror.org/04zaypm56
https://ror.org/04zaypm56
https://ror.org/02be6w209
https://ror.org/00pfxsh56
https://ror.org/02gfc7t72
https://ror.org/01qb1sw63
https://ror.org/035gh3a49
https://ror.org/00ygy3d85
https://crossmark.crossref.org/dialog/?doi=10.1103/xps9-qqvp&domain=pdf&date_stamp=2026-01-08
https://doi.org/10.1103/xps9-qqvp

FABIO MAZZA et al.

PHYSICAL REVIEW E 113, 014306 (2026)

low- and high-compliance individuals. We expect this mini-
mal representation to capture the essential behavior of more
general bimodal distributions, where the population consists
of two groups with distinct risk-related traits. We thus con-
sider two behavioral classes, low-risk (L) and high-risk (H)
individuals, where high-risk individuals display enhanced
susceptibility and infectivity, quantified by factors ag > 1
and oy > 1. These differences in behavioral compliance
might reflect exposure to misinformation [27,28]. Modeling
compliance as independent heterogeneity in infectivity and
susceptibility, rather than as a single “caution” parameter,
enables us to capture the asymmetric effects of nonphar-
maceutical interventions such as the use of face masks or
social distancing. For instance, mask wearing by a suscep-
tible individual reduces their infection probability (lowering
susceptibility), while mask wearing by an infected individual
primarily limits onward transmission (reducing infectivity).
Empirical and modeling studies during COVID-19 support
this distinction, showing that interventions that mainly protect
the adopter (reducing susceptibility) can be more effective in
limiting epidemic prevalence than those that primarily protect
contacts (reducing infectivity) with comparable efficacy [29].

Using a heterogeneous mean-field (HMF) ap proximation,
we derive an analytical expression for the epidemic threshold
that holds for networks with arbitrary degree distributions
and a tunable level of homophily, defined as the tendency
of like-risk individuals to preferentially interact. This result
generalizes classical threshold conditions derived for homo-
geneous networks and uncovers nontrivial dependencies on
both behavioral heterogeneity and network structure.

To validate our analytical findings, we perform exten-
sive simulations on random networks generated via the
degree-corrected stochastic block model (DCSBM) [2,30],
also considering the special cases of the stochastic block
model (SBM), configuration model (CM), and Erd&s-Rényi
(ER) model, obtained in the absence of degree heterogeneity,
homophily, or both. In each case, we estimate the epi-
demic threshold by locating the peak of epidemic variability,
a method known to accurately identify critical points in
finite-size systems [31]. The excellent agreement between
simulation and theory across different network topologies and
mixing patterns confirms the robustness of our generalized
threshold formula.

Our simple model exhibits a rich dynamical behavior,
including the emergence of a ‘“resurgence zone,” a phe-
nomenology that we have already described and analyzed
in a previous work [32]. In a well-mixed population, this
corresponds to an interval between two theoretical thresh-
olds, existing only when both ag > 1 and «; > 1, in which
the infected population initially declines before exploding
into a full outbreak. Interestingly, we find that heterogeneous
network structure alone can produce a similar resurgence
phenomenon even in the standard SIR limit (ag = oy = 1),
suggesting a unifying mechanism through which structural
and epidemiological heterogeneity both sustain hidden trans-
mission potential.

Finally, we show that, in expectation, the HeSIR model
is equivalent to a standard SIR process on a directed SBM
with a bimodal out-degree distribution. In this mapping, the
parameters «g and o translate into modulations of effective

contact frequency rather than per-contact transmission risk,
revealing a conceptual duality: heterogeneity in epidemic pa-
rameters can be recast as heterogeneity in contact structure
without altering threshold conditions.

In this work, we thus provide a unified framework for
understanding how multilevel heterogeneity—including bio-
logical, structural, and behavioral factors—shapes epidemic
thresholds and dynamics, with important implications for risk
assessment and intervention design.

II. HETEROGENEOUS EPIDEMIC SPREADING MODEL

Let Iy, I, Sy, Sp, and R denote the fractions of high-
risk infected, low-risk infected, high-risk susceptible, low-risk
susceptible, and recovered individuals, respectively. The to-
tal population is conserved: Iy + Iy + Sy + Sp + R = 1. The
mean-field equations for the HeSIR model read

Su = —asASul,

Sp = =Sl

Iy = asiSpls — v1u,
I, = ASples — v1p,

R =yl (1

I = Iy + I, denotes the total prevalence of infected indi-
viduals, whereas I.; = I}, + oIy is the “effective” fraction of
infected individuals, due to the increased infectivity of the
Iy class. We set the timescale by fixing the susceptibility of
low-risk individuals to 1, and consequently that of high-risk
individuals to «s. In the more general case, these susceptibili-
ties could be defined as o and «g0o, respectively. Individuals in
the state S; thus become infected and flow to [ at a rate Al
that is increased by a factor oy for individuals in the state Sy,
and A = B(k) is the transmission rate, given by the individual
transmission rate § times the average contact capacity of the
nodes (k). From both [, and Iy, individuals then flow to R at
arate y by spontaneous recovery.

A. Heterogeneous percolation threshold on a network
with homophily

To analyze the model’s behavior in a networked popula-
tion, we consider a degree-corrected SBM (DCSBM) [33]
with two communities: Ny, = (1 — p)N low-risk and Ny =
PN high-risk individuals. Let & € [0, 1] be a homophily pa-
rameter interpolating between random mixing (2 = 0) and full
assortativity (& = 1). The matrix of conditional probabilities
that a randomly chosen neighbor of a node in group i belongs
to group j is given by

T TTLH l—p p 1 0
(nHL 7THH> =(1 h)(1 —p p) + h(o 1). )
This matrix is defined for p € (0, 1).
Let x;, and xy be the probabilities that a vertex of type L or
H is not connected to the giant component through a randomly
chosen edge. Considering a generic degree distribution, we
denote with g the corresponding excess degree distribution

and with g{(x) = Zk qix* the generating function for the
excess degree distribution. We can determine the size of the
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FIG. 1. The value of 6(p, h, @) for different values of p, h, and «. 6(p, h, ) can be interpreted as the ratio between the threshold in the
baseline SIR case and the threshold in the HeSIR model. As expected, 0 (p, h, o) increases with p, h, and «. For large h (respectively, p), the

dependence on p (respectively, #) weakens.

giant component by finding the fixed point of the equation,

xp =7l — ¢rr + prigi(x)l

+ wull — dru + drugi(xu)l,
xg = wpr[l — ¢ur + drrgi(xe)]

+ wuull — Qun + Pungi(xu)l,

where the activation probabilities ¢;; (transmission proba-
bility across an edge from group i to group j) are given
by ¢ =1—e P,y =1—e Pl ¢y =1—e 7,
and ¢y = 1 — e~ %P/ The percolation threshold is found
by solving

(TLHTHLPLHPHL — THHTLLOPHHPLL )g21 (1)

+ (T Prr + Taa PR )IE1(1) — 1 =0. (3

Equation (3) admits no closed-form solution, but can be
solved numerically. Further, if we assume 8/y <« 1, we can
linearize (3) with respect to 8/y and ignore the first term
of the equation. Denoting o = o5 and 6(p, h, ) = . +
amgy = (1 —h)(1 — p+ ap) + h(a + 1), we obtain

B (k) 1
Z) = : 4
(y>c &) — (k) 0(p. o) @

where we used g,(1) = %

In epidemiological terms, the percolation threshold (é)c
corresponds to the critical value of the transmission-to-
recovery ratio at which the system undergoes a transition
from disease extinction to epidemic outbreak. For 5 > (g)c,
the infection can spread within the population, whereas for
g~ (g)c the outbreak is expected to eventually die out.

Note that for 6 = 1 Eq. (4) reduces to the epidemic thresh-
old for the standard SIR in a CM. For small 8/y, the threshold
depends on «g and o; only through their product «. For a net-
work with no homophily (4 = 0), 6 simplifies to 6(p, 0, &) =
1 — p+ ap. The dependence of 6 on its arguments is shown
in Fig. 1.

A detailed analytical derivation of the epidemic threshold
is reported in Appendix A.

B. Early dynamics and effective threshold

To analyze the early-time behavior, we assume a small
initial infection uniformly distributed across the population:

1,(0) = (1 —pe, I5(0) =pe, SL(0)~1—p, Su(0)~ p.
Setting R(0) = 0, we compare the conditions under which
1(0) = 0 and L(0) = 0, that translate to

(é) = ! ! (5)
v), (A —p+asp)d—p+ap)l—¢

1 1
(7),- e
Y/, (KA —ptasup)l—e€

In the limit € — 0 and (k) — 1 ~ (k), (6) matches our
epidemic threshold (4) for a homogeneous network without
homophily. On the other hand, again in the limit ¢ — 0 and
(kY — 1 = (k), (5) coincides with the estimate found in [22] in
the special case of (k)-regular graphs. The latter is obtained
from bond percolation assuming that all edges have the same
average occupation probability:

¢ = (1 — pPéur + p(1 — p)pru + p(1 — P)pur + p*dun.
@)

The two approaches—averaging between each group sepa-
rately or throughout the network—Ilead to distinct thresholds
only when both g > 1 and o; > 1. This underlines the impor-
tance of accounting for both heterogeneous susceptibility and
infectivity, although (4) depends on «g and «; only through
their product. The analysis of early dynamics shows that the
combined effect of oy and «; makes it possible for the to-
tal prevalence I(¢) to initially decrease, while the effective
infectious pool I(¢) grows enough to eventually trigger a
resurgence.

III. SIMULATIONS

To validate the analytical predictions of our model, we
performed extensive stochastic simulations of the the HeSIR
dynamics on DCSBM networks. This family of networks
generalizes the CM, SBM, and ER graphs by tuning the
homophily parameter & and the degree distribution. We simu-
late HeSIR epidemics with an optimized Gillespie algorithm
[34] in networks with N = 5 x 10* nodes and average de-
gree (k) = 20, with homogeneous and heterogeneous degree
distributions (Pareto degree distributions with exponent a €
{2.0, 2.5}), and different levels of homophily /4 and high-risk
population fraction pgy. In all simulations, we take I(0) =
1072 (i.e., 50 seed nodes when N = 5 x 10%, taken uniformly
at random) and R(0) = 0.
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FIG. 2. Curves of the mean number of infected under different configurations of degree heterogeneity and homophily, with py = 0.4,
a; =2, ag = 3. Results averaged over 400 simulations per setting, for networks of N = 5 x 10* nodes with mean degree (k) = 20, with 50
seed nodes chosen uniformly at random. The dashed lines represent the critical values of §/y maximizing the epidemic variability Vagr. The
insets provide a close-up of the outbreak’s early dynamics, highlighting the resurgence zone observed in some supercritical regimes: an initial
decline in the infected population followed by renewed growth toward a full outbreak.

The mixing structure is determined by the edge-frequency

matrix:
5 S o

A=h){A—p)+h
1-p

1-h

1-h
(=h)p+h
P

(k)

N

PLH
PHH

pPLL

PHL
which for large N maps (2) to the expected frequency of
connections between groups for a given & and p.

A. Epidemic curves across mixing and heterogeneity

We analyzed the temporal evolution of the epidemic for
different model parameters. Figure 2 shows representative epi-
demic curves for the fraction of infected individuals over time,
comparing the homogeneous and heterogeneous settings, both
with and without homophily.

As seen in the figure, the qualitative shape of the epidemic
curve is consistent across all settings. The presence of degree
heterogeneity leads to earlier peaks due to superspreading
individuals. By creating clusters of high-risk individuals asso-
ciated to acute spreading, homophily facilitates the onset and
significantly increases peak prevalence.

B. Epidemic threshold: Theory versus simulation

To assess the accuracy of the analytical epidemic threshold
derived in Eq. (4), we compare three different indicators:

(1) Theoretical threshold (8/y ). from heterogeneous per-
colation.

(2) The value of B/y at which the final epidemic size R
exhibits a sharp transition.

(3) The value maximizing the epidemic variability
Var = V(R3) — (Roo)?/(Rox)-

Figure 3 illustrates this comparison for various net-
work configurations, with the actual threshold, computed
numerically, identified by the yellow dashed line, and the
closed-form approximation, given by (4), shown by the green
dashed line.

Overall, the numerical estimates for the threshold con-
firm the analytical predictions for all the cases considered.
The position of the phase transition in the attack rate and
the peak of Var closely match the percolation-based esti-
mates. The small discrepancies observed near the transition
point, particularly in highly heterogeneous networks, can be
attributed to finite-size effects and stochastic fluctuations near
criticality.
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FIG. 3. Epidemic threshold estimates. Yellow dashed line: analytical threshold, computed numerically; green dashed line: approximation
of the analytical threshold, as given by (4). The R, curves report the median value, with shaded areas showing the central 80% of simulated
outcomes. Results are averaged over 400 simulations per setting, for networks of N = 5 x 10* nodes and mean degree (k) = 20, with 50
seed nodes chosen uniformly at random. Other parameters set as py = 0.4, oy = 2, and oy = 3. Additional results in Appendix B confirm the
robustness of the analysis across a range of values for o, o7, py, N, and (k).

IV. MAPPING THE HESIR MODEL ONTO A SIR MODEL
ON AN EFFECTIVE NETWORK

We now show that the heterogeneous transmission dynam-
ics of the HeSIR model can be reformulated as a standard
SIR process on an appropriately modified network. Since
individuals of type H differ in both susceptibility (ag # 1)
and infectiousness («; # 1), it is natural to ask whether the
resulting dynamics could instead be viewed as a homogeneous
SIR process on a block-structured contact network in which
H and L individuals occupy distinct blocks, such that the het-
erogeneity in susceptibility and infectiousness is effectively
transferred to heterogeneity in the connectivity patterns be-
tween and within blocks. We demonstrate below that such a
representation is indeed possible under certain assumptions.

A related idea—interpreting heterogeneous transmission
through an effective directed network under an annealed
approximation—appears in works by Clancy [35,36], al-
though in a different setting and for a different purpose:

there, the focus is on susceptible-infected-susceptible (SIS)
dynamics and on how heterogeneity in susceptibility and
infectiousness influences the persistence time from quasista-
tionary endemicity to extinction.

A. General intuition

Let P, € {L, H} denote the class of node i. In the HeSIR
model, the probability that a susceptible node i is infected by
an infectious node j is proportional to

HeSIR
Pij IBP,-PI- >

HeSIR
ij

Be,p, = BI1 — (1 — as)dp ulll — (1 —ap)dp, ul,  (9)
so that

where p is the connection probability and

B = B,
B = asp,
Bur = B,
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FIG. 4. Model equivalence on homogeneous networks. For 8/y € [0.01, 0.04], the average values of R, (a), the frequency of infected
individuals at the peak I, (b), and the time of the peak #,,,x (c) are shown for both the HeSIR and the equivalent SIR model, exhibiting perfect
agreement. Averages are computed over 200 realizations. Parameters are set to «; = 2, og = 3, and py = 0.4.

Buu = asof.

We can now recast the dynamics of the HeSIR model
as an equivalent SIR model on an effective network where
the heterogeneous transmission is reabsorbed into the edge
structure. This amounts to rescaling edge probabilities:

SIR
B

HeSIR SIR HeSIR :BPij
Pij Be,p, —

=Pij = P =Py

That is, the SIR model on the effective graph has a homoge-
neous infection rate 8, while encoding heterogeneity within
the connection structure.

Before showing some examples of this equivalence, let us
add some remarks. First, note that ,BRPJ, factorizes into two
node-specific terms; see Eq. (9). Therefore, the equivalence
works properly when pHeSR can be expressed as the product

ij
HeSIR

of quantities per node, i.e., p;;>" = xux;. In this way, the

node-dependent term in Bpp, can be absorbed in the rela-

tive x of plS}R. Although this restricts the class of admissible
network models (excluding, for example, maximum-entropy
ones [37]), the most studied ones, such as Erd6s-Rényi ran-
dom graphs, stochastic block models, Chung-Lu configuration
models [38], degree-corrected block models [33], and fitness
models [39], are included in this category. Second, a natural
question is what is the worth of such an equivalence. Besides
the intellectual interest, the main point is that it is benefi-
cial to translate nontrivial results from the SIR model into
the HeSIR models. Therefore, theoretical results, as well as
computational tools, developed in the SIR framework, can
be safely used for the HeSIR, using this equivalence, with
limited efforts. In this sense, consider that going, instead, from
HeSIR to SIR is much more cumbersome, as when ag # oy,
the equivalent contact network for the SIR model is a directed
one, i.e., something nonphysical, as standard contacts do not
show a preferential direction. In a sense, a heterogeneity in the
behavior does not directly correspond to heterogeneous pat-
terns of contact, but to something more involved. In summary,
while the mapping holds exactly only under specific struc-
tural assumptions, it provides a powerful conceptual bridge
between parameter heterogeneity and structural heterogeneity.

B. Homogeneous networks: dSBM equivalence

Consider the case where the interaction network of the
HeSIR model is an ER graph with connection probability

Pi>™ = per. The corresponding effective SIR network is
defined by

PR = perll — (1 — as)8pu1[1 — (1 — a)dp, 4],

i.e., a directed SBM (dSBM) where the edge probability de-
pends on both the source and target group. When o; # «, the
effective network is asymmetric: the probability of an edge
from H to L differs from the reverse. Figure 4 shows the
equivalence between the two models via a comparison of R,
the frequency of infected individuals at the peak I,,x, and the
time of the peak #,,x across various values of 8/y.

C. Heterogeneous networks: dDCSBM equivalence

When the HeSIR model is defined over a CM, such as a
Chung-Lu network, the equivalent SIR model corresponds to a
directed degree-corrected stochastic block model (ADCSBM).
In this model, nodes have both in- and out-degree parameters
that depend on their class, encoding differences in both sus-
ceptibility and infectivity.

Let k; be the degree of node i in the CM. We define effective
in and out degrees as

k= f(Pki, k™ = g(Pki,
where f and g are stretching functions that depend exclu-
sively on the class of the node. Note that, for consistency,
f(P)=g(P)=11if ag = oy = 1. Equating the transmission
terms between HeSIR and SIR on the effective network
leads to

ﬁkik./ ﬂPjPi — ﬁ out ip mpip/
2m B L mymiy

(10)

where m = Zi k;/2 is the total number of links in the CM;
mp,p,; m}’,}“, and m}?j are, respectively, the number of links from
the block P; to the block P;, the number of outgoing links from
the block P;, and the number of ingoing links in the block
P;, in the dDCSBM. Equation (10) yields the following set of
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individuals at the peak I, (b), and the time of the peak #,,, (c) are shown for both the HeSIR and the equivalent SIR model, exhibiting
perfect agreement. Averages are computed over 200 realizations. Parameters are set to oy = 2, ag = 3, and py = 0.4. Node degrees in the CM

network follow a Pareto distribution with exponent a = 2.

constraints:
. P, S
o = UDR0)
3 = Tt
sl _ f(H)g(H)mgf,Zg‘

If (my) and (my) are, respectively, the expected values
under CM of the total number of links incident on L and H,
then

mp = f(P)(mp), m" = g(P)(mp).

Therefore, the edge counts read

I {me)?
LL - 2m b
(mp){mg)
mpg = og s
2m
(mp)(mp)
myp = oy ,
2m
(my)?

mypg = 0gy

2m

Solving for the stretching functions, we obtain

(mp) + oy {my)

m =as, f(L)= R VRa—
gH) _{mp) + ag(mpy)
@ =oqa, gl)= —2m .

Again, when o # «;, the resulting dDCSBM is asymmetric,
reflecting asymmetric transmission dynamics. The equiva-
lence shows that the impact of behavioral heterogeneity in
the HeSIR model can be fully encoded in the topology of
an effective network for SIR dynamics. Figure 5 shows the
equivalence between the two models via a comparison of R,
Imax, and 7, across various values of 8/y.

V. CONCLUSION

This work introduces the HeSIR model that extends the
classical SIR model to incorporate heterogeneity in both
susceptibility and infectivity. By modeling these traits as
bimodally distributed across the population, capturing, for
instance, compliant versus noncompliant behavioral types,
we uncover how behavioral asymmetries significantly affect
epidemic dynamics. We derive closed-form analytical expres-
sions for the epidemic threshold under homogeneous and
heterogeneous network topologies. These estimates provide
insight into the interplay between «g, o, population com-
position, and the network mixing structure. In particular, we
demonstrate that the epidemic threshold depends not merely
on the average transmissibility, but on a weighted effective
quantity that reflects the joint distribution of susceptibility
and infectivity across contacts. Our theoretical predictions
are corroborated by extensive stochastic simulations, showing
excellent agreement across a wide range of settings, includ-
ing networks with degree heterogeneity and varying levels
of homophily. Our findings reveal that the presence of het-
erogeneity in both susceptibility and infectivity is necessary
to observe nontrivial effects such as the emergence of a
resurgence zone, where a second epidemic transition appears
beyond the classical threshold.

Our findings reveal that the presence of heterogeneity in
both susceptibility and infectivity is necessary to observe non-
trivial effects such as the emergence of a resurgence zone.
When both ag > 1 and «; > 1, in fact, infections can initially
decline yet subsequently grow if (5)1eff < g < (5)1. Only in
the presence of this dual heterogeneity the threshold obtained
from the classical percolation problem does not correspond
to the initial growth of infections within the mean-field ap-
proximation, but rather to the initial increase of the effective
infections g = I, + oIy . This phenomenon is further ampli-
fied in homophilic networks and, remarkably, can also arise
in purely structural models such as degree-heterogeneous
networks, even in the absence of behavioral heterogene-
ity. These results highlight the importance of individual-
level behavior and network structure in shaping epidemic
outcomes.
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Beyond theoretical contributions, the model has clear im-
plications for epidemic control. In particular, interventions
targeting individuals with low compliance (e.g., through test-
ing, communication, or isolation) may be essential to prevent
epidemic resurgence, as these individuals disproportionately
drive transmission under HeSIR-like dynamics. Conversely,
in networks with strong degree heterogeneity, monitoring and
protecting high-degree nodes remains a priority regardless
of behavioral assumptions. Finally, by mapping the HeSIR
dynamics onto equivalent SIR models on appropriately con-
structed networks (e.g., directed SBM or DCSBM), we unify
behavioral and structural heterogeneity into a common frame-
work. This equivalence provides a powerful tool for extending
standard epidemic theory to more realistic scenarios. Future
work may explore more finely resolved trait distributions,
time-dependent behavior, empirical calibration using contact
or genomic data, and the extension of these ideas to other
epidemic models or coupled spreading processes.
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APPENDIX A: EPIDEMIC THRESHOLD CALCULATION

As commonly done in the literature, the epidemic threshold
of the HeSIR model can be determined based on bond perco-
lation. The activation probability ¢;; for an edge connecting
group i to group j is

pro=1—e"" Gpyp=1—eP" ¢y =1—e "7,
fun = 1 — e~
If x; denotes the probability that a vertex of type i is not
connected to the giant component through a randomly chosen
edge, we can formulate the fixed point system of equations,
xp =7l — ¢rr + dregi(x)l + woull — dru
+ érugi(xn)l,
X = 7aLll — ¢ur + durg1(xL)] + wuull — dun
+ Pung1(xu )],

where g1 (x) :== Y, gxx* denotes the generating function of

the network’s excess degree distribution g;. System (Al)

always admits the trivial solution (xz,xy) = (1, 1), corre-

sponding to the absence of a giant percolation cluster. We look

for conditions for a second solution to exist in [0, 1) x [0, 1).
System (A1) can be rewritten as

(AD)

xg = fu(xr),
xp = fr(xg), (A2)

where

xp — e[l — ¢ + g1 ()l — mag (1 — ¢rm)

Salx) = 8?1 (

and

TLHPLH ) ’

xg — [l — dpn + dung1(xn)l — T (1 — ¢nr)

fulxm) = gll(

After algebraic manipulation, one sees that

f1(0) <0, f#(0) <0, fi <Oforallxy € [0, 1],
fu < Oforallx, €0, 1].

We first consider the case in which fL(l) < 0, meaning
that f; has a maximum at some x3** < 1 with f; (xg®™) > 1.
In this case, fy =0 at some xloi >0 and f; =1 at some
x}q € (x%, 1). Now, let h(xg) = fulfL(xg)] — xg. h is contin-
uous, h(x%) = fu(0) —x¥% <0, and h(x}y) = fu(l) —x}, >
0, so for the intermediate value theorem there exists Xy €
(xQ,,x},) such that h(Xy) = 0; that is, fy[fL(Xg)] =Xg. If
we call X, = fL(Xg), we have fy(XL) = Xy. In other words,
xu = fu(xy) and xp = fi(xy) meet at (x., xy) = (X, Xy) €
[0,1) x [0, 1).

THLPHL ) .

(

Similarly, if f};(l) < 0, then fy has a maximum at some
X <1 with fy(x™) > 1. In this case, fgp =0 at some
1) >0 and fy =1 at some x} € (x?, 1). Now, let h(x,) =
Jolfu(x)] — xr. h is continuous, h(xg) = f1(0) —x(L) <0,
and h(x}) = f1.(1) — x} > 0, so for the IVT there exists ¥ €
(x?, x}) such that h(¥.) = 0; that is, f1[fu(¥.)] = X. If we
call Xy = fy(%.), we have fy(X¥y)= X.. In other words,
xr = fo(xg) and xg = fu(xy) meet at (xz, xg) = (X, Xg) €
[0,1) x [0, 1). .

Finally, let us consider the case in which both f;(1) > 0
and fy (1) > 0. We can invert f7 in [0, 1] and rewrite system
(A2) as

xu = fa(x),

xu = fi (). (A3)
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FIG. 6. Epidemic threshold estimates for different configuration settings. Yellow dashed lines: analytical threshold, computed numerically;
green dashed lines: approximation of the analytical threshold, as given by (4). The R, curves report the median value, with shaded areas
showing the central 80% of simulated outcomes. Results are obtained from 500 simulations per setting, with networks of size N = 5 x 10*
and 50 seed nodes chosen uniformly at random. Results in the top panels (a)—(c) refer to a homogeneous degree network, with &2 = 0.5,
(k) = 20. The bottom panels (d)—(f), instead, refer to Pareto distributed degrees with exponent a = 2, with 7 = 0.5, (k) = 12. Each column
explores a different combination of «;, a5, and py: oy = 2, g = 2, py = 0.2 in panels (a), (d); oy = 2, o = 3, py = 0.2 in panels (b), (e);

o =2, a5 =2, pp = 0.4 in panels (¢), ().

The system admits a solution in [0, 1) x [0, 1) if and only if
7N > fu(1) (with f;7 (1) = 400 if fz(1) = 0). In fact,

(1) On the one hand, f;"!(1) > fu (1) implies that some %,
sufficiently close to 1 exists such that fy (%) > f; 1(21). Now,
let [(xz) = fu(x1) — f; '(x1). Since 1(0) < 0 and I(§) > O,
for the IVT there exists X; € (0,X;) such that [(X.) =0,
meaning that fy and f, "meet at ¥ < 1.

(2) On the other hand, if fy and f; " meet at 5, < 1, for
the mean value theorem there must exist x; , x; € [%r, 1] such
that fy(x;) = f] 1()cZ). Since fy is nonincreasing (fy < 0)
and f'L_' is nondecreasing ( f"L_' > 0), this implies f (1) <
fHQ. ,

In summary, recalling that fL’l(l) = Et—l), we expect to
observe a giant percolation cluster if any of the following
conditions holds:

(1) fr(1) <0,

() fu(1) <0, .

(3) fL(1) =0, fu(1) = 0,and fL(1)fu(l) < 1.

It is easy to check that the last condition is the most restric-

tive, so the epidemic threshold is determined by the solution
of

fr(D)fa(1)=1=0,

which can be rewritten as

(T HLOLHDHL — 7THH7TLL¢HH¢LL)g%(1)
+ (e brr + maaduE)g1(1) — 1 =0.

If we assume B/y < 1, we can linearize (A4) with respect
to B/y and ignore the first term of the equation. Denoting
oa=aas and O(p,h,a) =np +anrgg =1 —h)(1 —p+
ap) + h(x 4+ 1), we obtain

B 1 (k) 1

(?)c T e+ emamg (D (K2) = (k) 6(p.hoer)’
(AS5)

(A4)

where the last equality follows from g;(1) = <k22,5<k>.
APPENDIX B: COMPARISON OF EPIDEMIC

THRESHOLDS WITH SIMULATIONS

In Fig. 6 we present comparisons between numerical
estimates of the epidemic threshold (using Var) and the theo-
retical predictions [Egs. (3) and (4) of the main text] across
different combinations of «g, «;, py, and (k). We further
examine simulations for varying population sizes under ho-
mogeneous degree distributions (Fig. 7) in order to assess
finite-size effects. Taken together, these analyses indicate that
the findings remain consistent across all parameter configura-
tions and population sizes examined.
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FIG. 7. R, curves for different system sizes, for networks with homogeneous degree distribution ((k) = 20). The lines show the median
value over 400 simulations, and the shaded areas show the central 80% of simulated outcomes. In all simulations, 7(0) = 103 and the seed
nodes are chosen uniformly at random. Yellow dashed lines: analytical threshold, computed numerically; brown dashed lines: approximation
of the analytical threshold, as given by (4). Other parameters set as o; = 2, g = 3, py = 0.4.
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